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INTRODUCTION 
 

Primary brain tumors are among the most aggressive and 
lethal forms of cancer (1) of which gliomas are the most 
prevalent form. Patients diagnosed with glioblastomas 
multiforme (GBM), a World Health Organization grade 
IV glioma, have a median survival time of approximately 
1 year despite the use of a variety of medical 
interventions. One reason for this poor prognosis is that 
GBMs are highly invasive generating hair-like projections 
that migrate into otherwise healthy brain tissue. These 
projections cannot be removed completely by surgery or 
through radiation therapy where the treatment is localized 
to a specific area.  
 
GBM cells can exhibit a variety of different 
characteristics, one of which is the magnitude of 
migratory capability. This characteristic may be used to 
differentiate two phenotypes (2), i.e. cells of the main 
tumor body and migratory cells. The different expression 
of migratory characteristics between the two phenotypes 
may result from a series of genetic events or from 
different gene expressions such as those induced by the 
local environment.  
 
Herein, we propose a hybrid compartment-continuum-
discrete (CCD) model that simulates tumors of clinically 
significant sizes while also considering intercellular 
interactions.  
 
METHODOLOGY 
 

Our hybrid CCD model has two components, namely, a 
coupled deterministic compartmental-continuum model 
that describes the tumor body and enables the simulation 
of tumor to a clinically significant size (3), and a discrete 
model to simulate the migratory cells. We evaluate the 
migratory cells based on a stochastic discrete model that 
ascribes probabilities to cell migration.  

Compartment Model 
 

The tumor is assumed to consist of three compartments, 
one representing viable tumor body cells, another 
associated with dysfunctional/dead cells in the tumor 

body, and a third containing migratory cells on the tumor 
body surface (Figure 1).  
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Block diagram of brain tumor model. 
 
When a tumor is small there are sufficient nutrients 
available and waste is easily removed. During this stage, 
the tumor grows exponentially and all cells are contained 
within the proliferating region (Figure 2a). As the tumor 
grows the diffusion of nutrients into the tumor core is 
insufficient to fully satisfy the needs of the interior cells. 
This results in the formation of a hypoxic central core, a 
quiescent region incapable of proliferation (Figure 2b). 
With further growth the tumor becomes fully developed 
and the nutrient concentration in the tumor core is low 
enough to induce necrosis (Figure 2c).  
 
 
 
 
 
 
 
 
 
 

Figure 2: Stages of a tumor development showing 
proliferating, hypoxic and necrotic regions. 

Continuum Model 
 

Assuming that a glioma contains perfectly packed 
deformable spherical cells that have a 5´ 10-3 mm radius, 
the relations between the tumor radius and cell number is 
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where RC denotes the radius of a the glioma cell, and NB 
and ND the number of live and dead cells, respectively, in 
the tumor body that are not yet degraded. For specified 
diffusion and metabolic rates, respectively denoted as D 
and S, the necrotic and hypoxic radii RN and RH can be 
calculated from the model. 
 
The nutrient concentration c(r,t) is based on Fickian 
diffusion, i.e., 
 

                 
¶c(r,t)

¶t
=

D
r 2

¶
¶r

r 2 ¶c(r,t)
¶r

�  

�  
�  

�  

�  
�  - S.                (2) 

 

Since the nutrient diffusion timescale through a cell is 
much smaller than the characteristic proliferation time, 
implying quasi steady state conditions, we assume that c = 
c(r), since the time dependent term on the left hand side 
of Eq. (2) is zero. One of the boundary conditions arises 
from the constant nutrient concentration C0 outside the 
tumor body. The second is derived from the zero rate of 
change of the nutrient concentration when r = a.  Hence, 
 

c(r) = C0 - (S/6D) d2 - r 2( )+ (Sa 3) /(3D) 1/r - 1/d( ).      (3) 

Discrete Model 
 

The migratory phenotype is characteristic of glioma cells 
that have undergone additional mutation, epigenetic 
events, or environmentally induced gene expression that 
provides these cells with enhanced migratory ability. 
Unlike cells in the tumor interior that exhibit lower 
mobility, migratory cells at the surface move away from 
the main tumor body. Glioma cell migration is 
characterized by short bursts of movement. We use a 
stochastic model to characterize the inherently 
discontinuous nature of this movement.  
 
Each migratory glioma cell is evaluated for proliferation, 
migration, and apoptosis. A Gaussian normal test function 
PP is generated to determine the probability of 
proliferation, i.e.  
 PP = N (mP,s P) . (8) 
Here, N(mp,s p) denotes the Gaussian normal function, mp 
the mean time between proliferation events, and sP = mp/3 
the standard deviation. Probability of migration is 
evaluated in a similar manner.  Apoptosis is evaluated as 
a straight probability. 
  (10) 
RESULTS and DISCUSSION 
 

The simulations begin with a single glioma cell that 
divides into two daughter cells. Subsequent divisions over 
time involving these cells and their progeny develop a 
tumor body (Figure 3). As the cell population enlarges, 
some cells acquire the ability to migrate. These cells 

migrate away from the tumor body forming the hair-like 
projections characteristic of gliomas (Figure 3). 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

Figure 3: Model of glioma progression. 
 
CONCLUSIONS 
 

A hybrid model was developed that employed a coupled 
compartment model and continuum spatial model to 
simulate the growth of the tumor body and a discrete 
model to simulate the behavior of the migratory cells. The 
hybrid CCD model was shown to be capable of 
simulating a tumor of clinically significant size while 
simultaneously being able to track individual cells.  
 
In summary, we have shown how a hybrid mathematical 
model can be used to gain a better understanding of the 
parameters that effect brain tumor growth and invasion. 
The results may lead to insights that can be used to 
sharpen the focus of future experiments (4) and ultimately 
improve the prognosis of patients who are diagnosed with 
gliomas.  
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